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Abstract. The theory of commuting ordinary differential operators was de- 
veloped from the beginning of the XX century on. The problem of finding 
commuting differential operators is solved for the case of operators of rank 
one. For operators of rank greater than one it is still open. In this paper we 
discuss some results related to operators of rank greater than one. 



1. Introduction 
The commutativity condition L1L2 = L2L1 of two differential operators 

n — 2 m — 2 

i=0 2=0 

is equivalent to a complicated system of nonlinear differential equation on coeffi- 
cients Ui{x),Vi{x). The theory of commuting ordinary differential operators was 
first developed in the beginning of the XX century in the works of Wallenberg [1] , 
Schur [2], and Burchnall, Chaundy [3]. Let me recall these classical results. 
Wallenberg [1] found operators for the case of n = 2, m = 3 



(1) Li = dl 



u{x), L2 - dl +(^^ + ^u{x)^ d., + \u'{x). 



where u{x) satisfies the integrable equation 

(u'f + 2u^ + S2V? + siu + So = 0, s,e C. 
Let Lfc be an operator of order A: > 1. Schur [2] proved the following theorem. 
Theorem 1.1. //i„ife = LfeL„ and L^Lk = LkLm, then i„L„i = L^Lk. 

To prove this theorem Schur used pseudo-differential operators. There is a 
pseudo-differential operator 5 = 1 -f si{x)d~^ + S2{x)d~^ + . . . such that Lk ~ 
S~^LkS = d^. Pseudo-differential operator L„ = S~^LnS commutes with Lk = 9^. 
This is possible only if L„ has constant coefficients. Similarly, L„i = S^^LmS has 
constant coefficients. This means that LnLm = LmLn and hence LnL„i — L„iLn. 

The next theorem was proved by Burchnall and Chaundy [3] . 

Theorem 1.2. If LnLm = LmLn, then there is a nonzero polynomial R(z,w) such 
that R{Ln, L„i) = 0. 
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For example, for Wallenberg's operators the polynomial R has the form 



U( \ 2 3 , ■S2 2 , si +2S1 , SlS2-2so\ 



The curve T = {{z, w) G : R{z, w) = 0} is called the spectral curve. The spectral 
curve parametrizes common eigenvalues of L„ and L^- If 



then {z, w) G F. The dimension I of the space of common eigenfunctions of L/n^ -^/m 
for fixed z, w is called the rank. The number I is the same for general P = {z, w) e F. 
The rank equals the greatest common divisor of n and m. 

Commutative rings of ordinary differential operators were classified by Kriche- 
ver [4], [5]. The ring is determined by spectral data. If the rank is one, then the 
spectral data define commuting operators by explicit formulas (see [4]). In the case 
of operators of rank greater than one there are the following results. Krichever 
and Novikov [6], [7] found operators of rank two corresponding to elliptic spectral 
curves. Mokhov [8] found operators of rank three also corresponding to elliptic 
spectral curves. There are also examples of operators of rank grater than one 
corresponding to spectral curves of genus g > 1 (see [9]-[13]). 

In Section 2 we recall the construction of rank one operators and give several 
examples. In Section 3 we recall the method of deformations of Tyurin parameters 
and some results about operators of rank two corresponding to elliptic spectral 
curves. Self-adjoint operators of rank two corresponding to hyperelliptic spectral 
curves of arbitrary genus are considered in Section 4. Some open problems related 
to operators of rank greater than one are discussed in Section 5. 



Let the spectral curve F be a compact Riemann surface. In the case of operators 
of rank one common eigenfunction ip{x, P), P € F of L„ and Lm has the following 
properties. 

1) Function has one essential singularity at a fixed point g G F 



where A; ^ is a local parameter in a neighbourhood of q. 

2) Function ip has simple poles at some points 71, ... ,7^, where g is the genus 



The set {F, q, k~^,ji, . . . , jg} is called the spectral data. If we take the spectral 
data where 71 + • • • + 7^ is a non-special divisor, then there is a unique function 
tp{x,P) satisfying the conditions 1) and 2). The function ^(a;,P) is called the 
Baker Akhiezer function. Let us take a. meromorphic function f{P) on F with the 
unique pole of order n at q. There is a differential operator L{f) of order n such 
that 



L{f)^{x,P)-f{P)^{x,P) = {d^+Un-2{=o)d:-^ + ---+Uo{x)mx,P) = e^^O{l/k). 



Coefficients Ui{x) depend on £,i{x). If the right hand side of the last equality is not 

zero, then we can add it to the Baker- Akhiezer function and get a new function 
which has the same properties 1) and 2). But this is impossible, because the 
Baker-Akhiezer function is unique. Hence, L{f)ip = /(P)^. Similarly, for the 



2. Commuting differential operators of rank one 




of F. 
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meromorphic function g{P) with the unique pole of order m at g we have L(g)ip = 
g{P)ip. Operators L{f ) and L{g) commute because the commutator has an infinite 
dimensional kernel [L{f), L{g)]t{j{x, P) = 0. So, every commutative ring of operators 
of rank one with the nonsingular spectral curve corresponds to the spectral data, 
and the spectral data define a commutative ring of ordinary differential operators. 

The Baker-Akhiezer function can be expressed via the theta-function of the 
Jacobi variety of F. Let us choose a basis of circles Oj, 6,, 1 < i < 5 on F with the 
indices of intersections: 

flj o aj =0, biO bj =0, ttj o bj = Sij. 

Let u)i,...,ujg be a normalized basis of Abelian differentials = Sij. The 

theta-function of the Jacobi variety 

J(F) = CV{Z9 + f^Z9} 

is given by the series 

d{z) = exp(7r« < r^n, n > +27r« < n,z >), z G C^, 

where <n,z >= nizi H h UgZg, the matrix Cl has the components 

Jbi 

The theta-function has the property 

6{z + Om + n) = exp(— ttz < Q,m, m > — 27r« < m, z >)9{z), m,n G Z^. 

Let w be a meromorphic one-form on F with pole of order two at q. We assume 
that w is normalized by the condition oj = 0. Let f be a vector of 6-periods of 
co: 

Denote by A{P) : T J(F) the Abel map 



JPa JPq ) 



Po is a fixed point. The function 



p 



d{A{P) - A(7i) ^(7,) - Kv) 

where Ky is a vector of Riemann constants is correctly defined on F. The function 
1^ has simple poles at 71, . . . , 7(, and has the following form in the neighbourhood 
of q 



After the normalization ^{x^ P) — ''^^^(^^ we get the Baker-Akhiezer function. 

Let us consider the following examples. 
Example 1. Let F be C = CP^, z — affine coordinate, q = 00. The Baker- 
Akhiezer function is 

i>{x,z) = e^^. 
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On r\{g} the function V has no poles because the genus of F equals zero. For the 
meromorphic function 

f{z) = + Cn-iz"--'^ + • • ■ + Co, Ci e C 

with the pole of order n at g we have the operator with the constant coefficients 

L(/) = 9^ + c„_i9r' + --- + co. 

Example 2. Let F = C/{2Za; + 2Zw'} be an elliptic spectral curve and q = 0. 
The Baker- Akhiezer function is 

a{z + a; + 7) 



We have 



a{x + 'y)a{z + 'y)' 

L2^ = {dl - 2p{x + 7))V' = p(z)V, 
is^ = [dl - 3p(a; + 7)9, - |p'(x + 7)) ^ = \p\z)^, 



where g{z),C,{z),p{z) are Weierstrass functions. Operators Li,L2 commute and 
satisfy the equation 

t2 t3 92 J 93 
where 92,93 are some constants. 

Example 3. Under the degeneration £(2, 53 in the Example 2 we get the casp- 
idal spectral curve. Under this degeneration the functions a{z), ({z), p{z) become 

(t(z) = z, C,{z) = -, p{z) = ^. 
z 

We get commuting differential operators with rational coefficients 

z + x + 'y 



tp{x, z) = e 



(a; + 7) (2; + 7)' 



-'2 — ^3- 

Example 4. Let us consider another degeneration of the elliptic spectral curve 
— the sphere with one double point. We identify two points on C = CP^, F = 

CPV{« a}- In the case of singular spectral curve the definition of the Baker- 

Akhiczer function is the same, but we should replace the genus by the arithmetic 
genus of the singular spectral curve. The arithmetic genus of F is one. The Baker- 
Akhiezer function has the form 

(2) ^{x, z) = e^' [1 + , q = oo. 
Prom the identity 

(3) tjj{x,a) = tjj{x,—a) 
we find 

(7^ - a^) sinh(aa:) 



a cosh(aa;) + 7 sinh(a;) ' 
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The functions f(z) = z^, g{z) = — a'^z are rational functions on F with tlie poles 
of order 2 and 3 at g. Thus we have 

(4) L{f)i, = {dl+u{x))^ = z^i>, 

(5) L(ff)V = + (^lu{x) - a^^ + y{x)^ i, = {z^- a^z)^, 

u(x) — 



(acosh(ax) + 7sinh(aa;))2 ' 
The Burchnall-Chaundy polynomial of Li, L2 is 

(6) F(A,M)=A2-/,(^-a2)2. 

Example 5. If the spectral curve is singular, then in general ip is not a function 
on the spectral curve, but i/i is a section of a torsion-free sheaf on r\{(7} (sec [14]). 
Let us consider one example. We take the same spectral curve as in the Example 
4, tp has the form (2), but instead of (3) we require 

ip(x, a) = b'ip{x, —a), fe G C*. 

In this case ip is a section of a sheaf. We have (4)-(6), where 



u{x) = 



((a + aft + 7 — 67) cosh(aa;) + (a — a6 + 7 + 67) sinh(aa;))^ 



3. Method of deformation of Tyurin parameters 

Let mc recall the definition of the Baker- Akhiezer function at Z > 1 (see [5]). 
We take the spectral data 

{r,q,k'^,-y,a,uj{x)}, 

where F is a Riemann surface of genus g, q is a, fixed point on F, is a local 
parameter near q, 

u;{x) = {u;i{x), . . . ,w;_i(a;)) 

is a set of smooth functions, 7 = 71 H h 7;g is a divisor on F, a is a set of vectors 

ai, . . .,aig, ai = (a^^i, . . . ,ai,;_i). 

The pair (7, a) is called the Tyurin parameters. The Tyurin parameters define a 
stable holomorphic vector bundle on F of rank / and degree Ig with holomorphic 
sections r]i,. . . ,t]i. The points 71, • • . , 7;^ are the points of the linear dependence 

i-i 

The vector-function f/; = (^/^i, . . . ,tpi) is defined by the following properties. 
1. In the neighbourhood of q the vector- function ip has the form 

V(x,P)= (^£6(a:)A:-^j *o(x,fc). 



6 



ANDREY E. MIRONOV 



where = (1,0,..., 0),£^i{x) = {^j{x), . . . , CK^)), matrix ^'o satisfies the equa- 
tion 

\ 


1 
ioi-i J 

2. The components of tp are meromorphic functions on r\{q} with the simple poles 
7i,...,7;g, and 

Kesj^tpj = aijEjes-y-ipi, 1 <i <lg, 1 < i < ^ — 1- 

For the rational function f{P) on T with the unique pole of order n at q there is a 
linear differential operator L{f) of order In such that L{f)ip{x, P) = f{P)ip{x, P). 
For two such functions f{P),g{P) operators L{f ), L{g) commute. 

The main difficulty to construct operators of rank Z > 1 is the fact that the 
Baker-Akhiezer function is not found explicitly. But operators can be found by the 
following method of deformation of Tyurin parameters. 

The common eigenfunctions of commuting differential operators of rank I satisfy 
the linear differential equation of order I 

i,^^\x, P) = xa{x, P)i^{x, P) + • ■ • + xi-Ax, P)i,('-^\x, P). 

The coefficients Xi ai'c rational functions on F (sec [5]) with the simple poles Pi(a:), 
. . . , Pigix) € F, and with the following expansions in the neighbourhood of q 

Xo{x,P) = k + go{x) + 0{k-'), 
Xj{x, P) = gj{x) + Oik-'), 0<j<l-l, 

Xi-i{x,P)=0{k-'). 
Let k — 7i(a;) be a local parameter near Pi{x). Then 

X, = T^^^ + d^A^) + 0{k - 7.(x)). 

k--f^{x) 

Functions Cij {x) , dij {x) satisfy the following equations (see [5]). 
Theorem 3.1. 

(7) Ci,i-i{x) = -yi{x), 

(8) difl{x) = aifl{x)ai^i-2{x) + aifl{x)di^i-i{x) - Q!-,o(a;), 

(9) di^j{x) ^ ai^j{x)ai^i^2{x) -Q:ij-i(x) + ai^j{x)di^i-i{x) -a-j(a;),j > 1, 
where aij{x) = 37717^, < j < / - 1, l<i<lg. 

To find Xi one should solve the equations (7)-(9). Using Xi one can find coeffi- 
cients of the operators. At <? = 1, / = 2 Krichever and Novikov [6, 7] solved these 
equations and found the operators. 



dx 





\ k + OJl W2 W3 
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Theorem 3.2. The operator of order 4 has the form 

Lkn ={dl + uf + 2c^(p(72) - p{li))d^ + (c^(p(72) - p{li)))x - p{l2) - p{li), 
where 

li{x) = 70 + c(x), 72 (x) = 70 - c(x), 
u{x) = - ^ + + 2$(7i,72)c. - ^ + 4(*c(7o + c,7o - c) - $^(71,72)), 

^(71,72) = C(72 - 71) + C(7i) - C(72), 

C,{z),p{z) are the Weierstrass functions, c{x) is an arbitrary smooth function, 70 

is a constant. 

The operator Lkn commuting with Lkn can be found from the identity 

i^^N = 4i|s:Ar + g2LKN + 33- 

The operators Lkn, Lkn were studied by many authors (see [15]-[23]). 

Dixmier [24] constructed an example of the commutative subalgebras in the first 
Weyl algebra. Let Ax = C{p,q : \p,q] = 1) be the Weyl algebra. 

Theorem 3.3. Two elements of Ai, 

X = {p' + q^ + hf + 2p, 

Y = + q^ + hf + ^ {pip"" + q'' + h) + (p3 + q-' + h)p) , HgC 

commute and satisfy the equation = — h. 

If we substitute p = x, q = —d^ in Theorem 3.3 (we can do so, because [x, —dx] = 
1), then we get operators of rank two 

Ld = {dl+x^ + hf + 2x, 

LD = {dl+x^ + hf + {x {dl + x^ + h) + {dl +x^ + h)x). 

Operator Ljj coincides with Lkn for some c{x). Then, a natural question is how 
to obtain Lo from Lkn (Gelfand's problem). The answer is given in the following 
theorem by Grinevich [16]. 

Theorem 3.4. Operator Lkn corresponding to the curve = Az^ + g2Z + g^ has 
rational coefficients if and only if 

°° dt 

\/ At'^ + g2t + gz 

where q{x) is a rational function. If jq = and q{x) = x, then the operator Lkn 
coincides with Ld- 

Grinevich and Novikov [15] found conditions when Lkn is self-adjoint. 

Theorem 3.5. Operator Lkn is self-adjoint if and only if p(7i) = p(72)- 

Spectral properties of operators with periodic coefficients of rank I > 1 with a 
spectral curve of arbitrary genus were studied by Novikov in [25]. 
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4. Self-adjoint operators of rank two 

If / = 2, then 

(10) ^" = xoV + Xi^'- 
In the neighbourhood of q we have the expansions 

(11) xo = ^ + ao{x)+ai{x)k + 0{k^), xi = bi{x)k + b2{x)e + 0{k^). 
Functions Xo;Xi have 2g simple poles -Pi(x), . . . ,P2g{x), and by Theorem 3.1 

(12) xo(x, P) = ""/'"^•'^yP + d.,o(x) + 0{k - 7,(x)), 

k - 7i(a;) 

(13) xi{x,P) = 7:=^^^ + di,^{x) + 0{k - 7i(a;)), 

(14) rfi,o(a;) = alo{x) + aifi{x)di^i{x) - Q!-_o(a;). 
Let r be the hyperelliptic spectral curve 

(15) W"" = Fg{z) = Z^9+' + C2gZ^S + . . . + Co, 

and g = cxD G r, fc = The curve T has the invohition 

(T : r — > r, (7(z, w) = {z, —w). 
Let us find coefficients of the operator of order 4 corresponding to z 

L4V' = {dt + f2{x)dl + h{x)d, + fo{x))i; = z^. 
Prom (10) it follows that the fourth derivative of tp is 

V'^'^ = (Xo + XiXo + Xo(x? + 2x'i) + XoH + ixl + 2Xo + Xi(2xo + 3xi) + x'lH'- 
With the help of (10) and the last identity we rewrite L41P = ztjj in the form 
Pitp + P21I}' = ztjj, where 

Pi=fo + /2X0 + Xo + XiXo + Xo(x? + 2xi) + Xo, 
P2 = fi+ /2X1 + X? + 2Xo + XI (2X0 + 3x'i) + Xi'- 

It gives 

(16) P^=z=^, P2=0. 
Prom (11) we have 

^1 - ^ = ^^-^ + (/o + ao(/2 + ao) + 2(ai + b[) + a'^) + 0{k) = 0, 

P2 = (/i + 2(6i + a(,)) + O(A;)=0. 

Hence /o = - 2ai - 2b[ — a^, f\ = — 2(6i + a^), f2 = —2ao- If 61 = 0, then the 
operator L4 is self-adjoint 

L4 = {dl + V{x))' + W{x), 
where V{x) = —ao{x), W = —2ai{x). If xi{x,P) = xii^, (j{P)), then 

s>l 
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hence, L4 is self-adjoint (the inverse is also true, sec Theorem 4.1). Assume that 
Xi is invariant under a, then by (11)-(13) we have 

° z-'yi{x) z-'yg{x) (5; - 71(0;)) . . . - 7g(x)) 



Xi(a;,P) = - 



z-ji{x) z-7g(x) 

where Hi{x), k,{x) are some functions. In the neighbourhood of q the function xo 
has the expansion 

Xo = i + «:+(7i+--- + 7, + ^)fc + 0(fc2). 

Hence, 

(17) V = -K, W = -2(71 + • • • + 7s) - C23, l<i<9. 

Functions xo, Xi have simple poles at = (7^, ±-^^3(7^)). Denote by afg(x), 
difi{x)^, di^i{x)^ coefficients of expansions of xoj Xi at P^. Prom (14) we have 

It = dto - (Hof + «to<i - HoY) = 0- 

Prom if — l~ = one can express Hi through 71 , . . . , 7g and its derivatives. Prom 

+ l~ = one can express k{x) through -fi, Hi, i = 1, .... 9 and its derivatives. 
Thus, we can reduce the system (14) to the system of 5 — 1 equations on 7j. 
Let us consider two examples at 5 = 1, 2. 

4.1. Dixmier operators. Let T be the elliptic curve 

w"^ = Fi{z) = Z^ + CiZ^ + CiZ + Cq. 

We have 

xo = -^MzM + + ,(,), ^,(,, p) = 

z-7i(a;) ^;-7i(a;) 2; -71(0;) 

The coefficients of expansions of Xoi Xi at P^ are 

hence, 

= «(x) - (i^r(x) T ± ^ = 0. 

Prom Z+ - r = we find Hx{x) = -3^- 

Prom Z+ + r = we get k{x) = ^^^^^^^"^ff . 
At 

71 = -h-iX - h2, Fi= z^ + 2h2z'^ + z{hl + hihz) + /i3(/ii/i2 - /10/13) 
we have 



Xo= --(/t3X^ + fe2X^ + /,iar + /io), XI- ^ 



2; + /13a; + /l2 2: + hsX + /l2 

F = -k{x) = hsx^ + h^x^ + hix + ho, W = 2/132;. 
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Thus we get the operator 

l\ = {dl + h^iX^ + h2X^ + hix + hof + 2hsx. 

At g = 1, /lo = h\ — /i2 = 0, /i3 = 1. The operator l\ coincides with the Dixmier 
operator. 



4.2. Spectral curves of genus two. Let F be a spectral curve of genus two 

= F2{z) = + CiZ'^ + CzZ^ + C22^ + CiZ + Cq. 

We have 

Hi{xU{x) _ H^jxUjx) ^ w{z) ^ 

° Z-^l{x) Z-^2{x) {Z - Ji{x)){z - ^2{x)) 

Mx,P)- ^^("^ "^^"^ 



z-ji{x) z-72(x) 
The coefficients of expansions of xo, Xi at P^{x), P^{x) are 

.± _^ ^(71) , ^^ ^^2(71) ^^272 



^(71 - 72)^ '^'■^^ ^ 2w(7i)(7i - 72) 71-72' 

^± ^ ^(72) , . . ^ J-^(72) , ^171 ^ 

2>o _ 2w(72)(72 - 71) 71 - 72 ' 
,± 72 (^) ,± _ Yiix) 



71 (a;) -72(2;)' ' 7i(x)-72(x) 
Equations if = 0,lf = have the form 

= - (^,_^2)^(7()^ ^^^^^^^ + " ""^^ " ""^^^^ 

- K - if()(7i - 72)) + t«(7i)(±27h2 ± {^H,j[ + 7;')(72 - 7i))) = 0, 

= - (^^_^^)2(^^)2 (^2(72) + (71 - 72)(72)'((^^2 - ^^1)7; + 

{Hi -K- if^)(7i - 72)) + t«(72)(±27h2 ± (2^^272 + 72 )(7i - 72))) = 0, 
Prom the equations if — l^ =Q and — = we find 



72 7i „ _ 7i 72 

TTT' tl2\X) — . 

71 - 72 27^ 71 - 72 27^ 



From the equations if ^l\ =0 and I2 + I2 — we can find k{x) by two ways 
_ ^2(71) + (71 - 72)(70^((J:f2 - gi)72 + 71 (g? - Hj) - ^2{Hl - H'J) 

(7i-72)V 

. . _ i^2(72) + (72 - 7i)(72)'((gi - ^2)7! + 72(g| - H^) - 71 (g| - H^)) 

^^^■^^ (72-7i« 
Wc got the equation on 71 and 72 (sec [11]) 

(18) 4((7i)'^^2(72) - (7D'^^2(7i)) - 4(70'(7^)' + (7i " 72)'(7D'(7r)' 
+2(71 - 72)(7i)''7272 + 2(71 - 72)7;(72)'(727i + (72 - 71)7!")+ 
(7l)'(4(72)' + 6(71 - 72)(72)'(7r + 72 ) + (7i - 72)'(27^72" - (72 )')) = 0- 
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O.I. Mokhov also considered the case of self-adjoint operators of rank two, corre- 
sponding to a curve of genus two. In particular, he also reduced the equations on 
Tyurin parameters to one equation on two functions (see introduction in [8]). 
Equation (18) has the following solution 

71 = ^(-5/i2 -3h3X+p), 72 = ^(-5/i2 -Shsx-p), 



p = Sy^/ii - 2/13(2/11 - h2x) - 3/i|a;2, 

F2=z^ + 10h2Z^ + {33hl + 21/11/13)^^ + {40hl + 117/ii/i2/i3 + 27hohl)z'^+ 
4(4/i| + SGhihlha + 27hl {hl + hoh2))z + 3/i3(36/if /12/13 + 27hl + 4/ii (4/i^ + 27/10/13)). 

Formula (17) gives us V = -k = h^x^ + h2x'^ + hiX + ho, W = -2(71 +72) - IO/12 = 
Qh^x. Thus we get the operator 

L4 = (9^ -I- h^x^ + h2x'^ + hix + /lo)^ + Gh^x. 

V.V. Sokolov noticed that the equation (18) has also polynomial solutions of degree 
two. 

4.3. Hyperelliptic spectral curves. As we showed above, if Xi is invariant under 
the involution a. then the operator L4 is self-adjoint. S.P. Novikov has proposed 

the conjecture that the inverse is also true. 

Theorem 4.1 (M., [12]). The operator L4 is self-adjoint if and only if 

(19) xi{x,P) = Xiix,aiP)). 

At g — 1 Theorem 4.1 is equivalent to the Theorem 3.5 by Grinevich and Novikov. 
Let us assume that the operator L4 is self-adjoint L4 = (d^ -\- V{x))^ -\- W{x), 
then the functions Xo,Xi have simple poles at some points 



7,(x),±^i^<,(7,(x)) 



1 < j < 



Theorem 4.2 (M., [12]). If operator L4 is self-adjoint, then 

IQ" w Q' 

^° = -2^ + Q-^' ^^=g' 

where Q = {z — 71 (a;)) . . .{z — 7^(0;)). Functions Q, V, W satisfy the equation 
(20) 4Fg{z) = 4(0-iy)Q2_4y(Q')2+(Q")2_2Q'Q(3)+2Q(2y'g'+41/Q"+Q(4)), 
where Q', Q", mean d^Q, d^Q, d^Q. 

To find self-adjoint operators i4,L4g+2 it is enough to solve the equation (20). 

Corollary 1 The functions Q, W, V satisfy the equation 

Q^^^ + WQ^ + 2Q'(2z -^2W - V") + 6V'Q" - 2QW' = 0. 
Let us substitute z = jj in (20). This gives 

We get g — 1 equations on 71(0;), ... , 7g(a;). 
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Corollary 2 The functions 71 (x) , . . . , 7g (x) satisfy the equations 

f {Q'r-2Q'Q^'^-4F,{z) \ , _ ^ (g-)^-2Q-Q(3)-4f,(z) 

^ ^ V 4(Q')' y V 4(g')' y ■ 

At (7 = 2 the equation (21) coincides with the equation (18). In [12] partial solutions 
of the equation (20) are found for arbitrary g. These solutions give the first examples 
of commuting differential operators of rank greater than one corresponding to a 
spectral curve of arbitrary genus. 

Theorem 4.3 (M., [12]). The operator 

4 = {9l + hsx^ + h2X^ + hix + hof + g{g + Vjh^x, h^^Q 

commutes with a differential operator ^49+2 ^/ order Ag + 2. The operators l\, 

'^^'5 operators of rank two. For generic values of parameters {hQ,hi,h2,hs) 
the spectral curve is a nonsingular hyperelliptic curve of genus g. 

Operators L\,L'^^g_^2 define commutative subalgebras in the first Weyl algebra 
Ai. 

5. Concluding remarks and questions 

1. G. Latham and E. Previato [19] proved the following statement. Let L4 and 
Lq be operators of rank two corresponding to an elliptic spectral curve. Then there 
are zo,wo € C such that 

L4- Zo = A2T, Lq-Wq= A4T 

for some operators A2, A4, T and such that 

L4 = TA2 - T(L4 - zo)T-\ Lg = TA4 = T{L(i - wo)T-^ 

are commuting self-adjoint operators of rank two. In other words, in the case of 
elliptic spectral curves all operators of rank two up to the conjugation by operators 
of the second order are self-adjoint operators. In the beginning of the 1980's O.I. 
Mokhov proved a similar result where T is an operator of the first order (this result 
is not published). It would be very interesting to check this property for operators 
L4, L4g+2 corresponding to an hyperelliptic spectral curve of genus g. 

2. The group of automorphisms of the first Weyl algebra Aut{Ai) acts on the 
moduli spaces of operators with polynomial coefficients. For example, with the help 
of the automorphism 

(fii{x) = ax + Pdx, (fii{dx) = 'yx + ddx, ^ ^ e SL2 

one can get from l\, L\g_^2 the operators of rank 3. Another example of automor- 
phisms are 

'P2{x) =X + Pi{dx)., f2{dx)=dx, 
i^3{x)=X, ^z{dx) = dx + P2{x), 

where P\,P2 are polynomials. Dixmier [24] proved that Aut{Ai) is generated by 
ipi. It would be very interesting to understand how Aut{Ai) acts on the spectral 
data. 

3. Theorem 4.3 means that the equation Y"^ = -|- C2gX'^3 + ■ • ■ + cq has 
nonconstant solutions X,Y & Ai for some Cj. 
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It is easy to see that the group Aut{Ai) preserves the space of all such solutions, 
i.e. if {X, Y) is a solution to the polynomial equation above, with X,Y G Ai, then 
{(f{X),(fi{Y)) is also a solution for any (f e Aut{Ai). Then, a natural question 
is to describe the orbits of Aut{Ai) in the space of solutions under the action of 

Aut{Ai). 

Yu. Berest has proposed the following conjecture: If .g > 1, then there are only 
finitely many such orbits, i.e. the equation f{X,Y) = Yli j=o^ij-^^^'' ~ ^ '^^^^ 
generic aij G C has at most finitely many solutions in Ai up to the action of 
Aut{Ai). 

4. Let me recall the Dixmier conjecture: End{Ai) — Aut{Ai). If one describe 
all orbits of Aut{Ai) in the space of solutions for the equation f{X, Y) = 0, then 
this gives a chance to compare End{Ai) and Aut{Ai). For example, if there is 
only one orbit, then End{Ai) = Aut{Ai). For this reason it is important to find all 
solutions X,Y £ Ai for one concrete equation and to study the action of Aut{Ai). 
For example, one can take the simplest equation Y^ = X^ + 1. 
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